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Abstract. We consider a compact Einstein warped product M = B Xy F with Ricy = Ag,, where
B is compact, connected, orientable, dim B = m > 3, F is compact, Einstein with Ricy = ugr,
dimF =k >2and f: B — (0,0), f € C*(B) a nonconstant warping function. In this article
we study some upper bounds for some integrals involving the gradient and the Laplacian of the
warping function f.

Keywords. compact Einstein space, warping function, gradient, Laplacian

2020 AMS/MCS Classification. 53C25

1. Introduction

The notion of warped product manifold was introduced in ([2]) where it served to give new
examples of Riemannian manifolds. These methods were used to construct Einstein metrics on
non-compact complete manifolds. The question of given examples of compact Einstein warped
products appeared in ([1]). To that question a lot of results were given. It was proven in ([9]) that
a compact Einstein warped product should have strictly positive scalar curvature. It was proven in
([6]) that the fibre of a compact Einstein warped product should also have strictly positive scalar
curvature. Other results on Einstein spaces can be found in ([5], [7], [8]) and generalizations of
Einstein spaces can be found in ([10]).

We present the Ricci tensor of a warped product.

Proposition 1.1. ([9]) The Ricci curvature Ric), of an warped product M = B X F satisfies:

a). Ricy (X,Y) = Ricg(X,Y) — }%Hf X,7)
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b). Ricy (X, V) =0
). Ricy (V, W) = Rice(V, W) = gu(V, W) [~ + 2 g5(V£, V1)

for every horizontal vectors X, Y and every vertical vectors VV, W where Vf denotes the gradient
of f and Af denotes the laplacian of f given by Af = —Tr(H') = —div(Vf).

Thus the Einstein equations become:

Corollary 1.1. ([9]) The warped product M = B X, F is an Einstein space with Ricy = gy, if
and only if

(1.1) Ricg = Ags + }%Hf

(1.2) (F, gr) is an Einstein space with Ricp = ugr for a constant u € R
(L3) —fAf+ (k- DIVfFIP+Af2=p

Throughout this paper we will use the following well-known results:

Theorem 1.1. ([3], Divergence Theorem 1) Let B be a compact, connected, orientable Riemannian
manifold and dv the volume form on B. Then every vector field X on B satisfies the equality

J div(X)dv =10

Theorem 1.2. ([4], Cauchy-Schwarz integral inequality) Let B be a compact, connected,
orientable Riemannian manifold and dv the volume form on B. Let f and g be two differentiable
functions on B. Then we have

2

Bffzdv Bfgzdv > Bffgdv

2. Main results

The aim of this paper is to study some upper bounds for some integrals involving the gradient
and the laplacian of the warping f: B — (0, o) on a compact Einstein warped product. Let p,q €
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B be such that f(p) = mgl;(f(x) and f(q) = meigf(x). According to ([7]) we have Af(p) > 0,
X X
Af(q) < 0 and according to ([8]) we have the following formulas for 1 and u

FM® — F@A@)
GO Tes s Tos BN

f(@Af(p) — f()Af(q)
f2(p) — f*(q@)

Now we state the main theorem.

) M) +AF(@)
l = @)@ P i@ | °

w=Ffm®fq

Theorem 2.1. Let M = B X F be a compact Einstein warped product with Ricyy = 1gy,, 4 > 0
where B is compact, connected, orientable, dim B = m > 3, F is compact, Einstein with Ricy =
ugr, > 0,dimF = k = 2 and a nonconstant warping function f: B — (0, ), f € C*(B). Let
p,q € B be such that f(p) = r)?e%xf(x) and f(q) = r;gg f(x).

jIVfIdvs f f(q) f(q) sol(B)

[ 72a0 < LRI OU@G) - [/ @)
=T @M ® — @A @

a). If k > 3 then we have

vol(B)

f fafdr < - &= 11){ _(qz) D o5y
B
b). If k = 2 then we have
f Af )
[TFravs |3
B

j £2 dv _ @@ (@Af () — f)Af (@] vol(B)

f@)Af () = f(@)Af (@)

Af Af(a)
!fdvg 2f() vol(B)
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Proof. a). Let k > 3. Then from equation (1.3) we obtain

—fAf + (k= DIVfP+Af? =p=
div(fVf) + (k= 2D|Vf|* + Af* = u =

I!.div(fo)dv+(k—Z)BfIVfIZdv+ABffzdvzf,udv:)

B

(k—Z)BfIVfIZdvzf,udv—/lefzdvz

B

j [—F@)Af () + Af2(p)] dv — A j f2dv =

B

—F@)Af(P)vol(B) + 4 f [F2(p) — f2]dv <
B

—F@)Af(P)vol(B) + 4 f [F2(@) — f2(g)] dv =
B
—f(P)Af (p)vol(B) + Alf2(p) — f2(@)]vol(B) =

3 f@Af ) = F@OA@D] o\ 42 B
f(P)Af (p)vol(B) + 20 = f2(q) [f*(p) — f4(@)]vol(B) =

—f(@Af(q)vol(B)

Thus, we obtain

fIVfIZdv f(q) f(q) Pol(B)

Now from Theorem 1.2 we have

2
(Jnan) s [oreas) ] 1) -2222 i -
jIVfIde / f(q) f(q) sol(B)
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Moreover

(k—Z)BfIVfIZdvzf,udv—/lefszZOz

B

f@f @I (@Af(p) = fF()Af(q)]
f@)Af(p) = f(@Af (@)

f frav <bvol(8) = sol(B)

From equation (1.3) we also have
—fAf + (k= DIVFI? +Af? =p=

fAf = (= DIVFI2 +Af2 —p =

BffAfdv=(k—1)Bf|\7f|2dv+/1!fzdv—fydvg

B

_ (e =Df(9)Af(q)
k-2

vol(B) +

f@)Af () — fF(@Af(q) {f @f@If(@Af(p) — f()Af(g)]

f2() - f*(q@ FLf D) = F@LF(Q) }vol(B) -

f(@Af(p) — f(P)Af() _ (k=Df(@Af(q9)
f®f (@) l 2(0) = f2(0) l vol(B) = = vol(B) =
] fafdv< -2 12€f_(q2)Af(Q) vol(B)

We remark that the equality cases occur for a constant warping function f.

b). Let k = 2. Then from equation (1.3) we have
—fAf +IVfIP+Af2=pu=

Af |VfI? u

ti===

for? f?
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div ( f) +2 i +A= Lad =
f f? f?

IVfIZ ff—zdv—f/ldv—
g f 7 d”_Bf 7ot Forler

L1, M)
g f 7wl ey e s

1 A )
: J o el o)

vol(B) =

FOVF@ [f (@Af(p) — f(P)Af(q)

£2(p) — f2(q) l [fz(q)  f2(p)

Af(p) Af(q)
T B =7

vol(B) —

——vol(B) =

VP N@

7T

vol(B)

Now from Theorem 1.2 we obtain

2
IVf1 Wik M@,
(J 7 dv) S(B 2 dv)(!ldv)g 2f(q)vol (B) =

V1 Af(q)
f

dv < |[—

—J 2f(@)

vol(B)

We remark that the equality case occurs for a constant warping function f.
Moreover

—fAf +VFIP+Af2 =u=
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div(FVf) + Af2 = p =

/’lffzdvzfudvz
B

B

f f?dv = %vol(B) =

f £2 dv _ @@ (@Af () — f)Af (@] vol(B)

f@Af(p) = f(@Af (@)

We remark that

oo (s )

fl volz(B) f@)Af () - f(@)Af (@)
) f* [, f2dv ~ FOf@U @A @) — f (@)D ()]

vol(B)

From equation (1.3) we also have
—fAf + VP +Af2=p=

Af IVfI? K

_7+7+,1:f_2:>
Af—f=|vfizlz+/1—]%:>
Aff ) lvflezdv+]!/1dv—ulj%dvs
l% w8 + [ ey -

{f O f@If (@Af(p) — f(P)ASf (q)]} { f®Af ) — f(@Af(q)

f)Af () = f(@)Af (@) FOf @ (@A () - f(p)Aﬂq)]}”Ol(B) =
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Af 5 4 Af (@)

R TIO ke

We remark that the equality case occurs for a constant warping function f.

Corollary 2.1. Let M = B Xy F be a compact Einstein warped product with Ricyy = 1g,,, 4 > 0
where B is compact, connected, orientable, dim B = m > 3, F is compact, Einstein with Ricp =
ugr, 4 > 0,dimF = k > 2 and a nonconstant warping function f: B — (0, ), f € C*(B). Let
p,q € B be such that f(p) = r)rclggcf(x) and f(q) = I;}Eilglf(x). Moreoever, we suppose that

Af(p) +Af(q) = 0.
flvfld /f(q) f(p) pol(B)

a). If k = 3 then we have
[ r2av < royf@vo®)

f fafdn <& 1]){f _(qz) A ® oi)

B

b). If k = 2 then we have

jIVfI - Af(p)vol(B)

f L\ 2f ()
[ r2av = royr@voi®)

fﬂd A )

~2f(@) vol(®)

Proof. It follows directly from Theorem 2.1 by considering the equation A(p) = —A(q).
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